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Abstract. We consider the Fredrickson and Andersen one spin facilita- 
ted model (FAlf) on an infinite connected graph with polynomial growth. 
Each site with rate one refreshes its occupation variable to a filled or to 
an empty state with probability p € [0, 1] or g = 1 — p respectively, pro- 
vided that at least one of its nearest neighbours is empty. We study the 
non-equilibrium dynamics started from an initial distribution v different 
from the stationary product p-BernouUi measure ^i. We assume that, un- 
der V, the mean distance between two nearest empty sites is uniformly 
bounded. We then prove convergence to equilibrium when the vacancy 
density q is above a proper threshold g < 1. The convergence is exponen- 
tial or stretched exponential, depending on the growth of the graph. In 
particular it is exponential on for d = 1 and stretched exponential for 
d > 1. Our result can be generalized to other non cooperative models. 



1. Introduction 

Fredrickson-Andersen one spin facilitated model (FAlf) IT. '81 belongs to 
the class of interacting particle systems known as Kinetically Constrained 
Spin Models (KCSM), which have been introduced and very much studied 
in the physics literature to model liquid/glass transition and more gener- 
ally glassy dynamics (see [T2il and references therein) . A configuration 
for a KCSM is given by assigning to each vertex x of a (finite or infinite) 
connected graph Q its occupation variable r]^ € {0, 1}, which corresponds 
to an empty or filled site respectively. The evolution is given by Markovian 
stochastic dynamics of Glauber type. With rate one each site refreshes its 
occupation variable to a filled or to an empty state with probability p G [0, 1] 
or q = 1 — p respectively, provided that the current configuration satisfies 
an a priori specified local constraint. For FAlf the constraint at x requires 
at least one of its nearest neighbours to be emptyl3 Note that (and this is 
a general feature of KCSM) the constraint which should be satisfied to al- 
low creation/annihilation of a particle at x does not involve rj^. Thus FAlf 
dynamics satisfies detailed balance w.r.t. the Bernoulli product measure at 
density p, which is therefore an invariant reversible measure for the pro- 
cess. Key features of FAlf model and more generally of KCSM are that a 
completely filled configuration is blocked (for generic KCSM other blocked 
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configurations may occur) - namely all creation/destruction rates are iden- 
tically equal to zero in this configuration -, and that due to the constraints 
the dynamics is not attractive, so that monotonicity arguments valid for e.g. 
ferromagnetic stochastic Ising models cannot be applied. Due to the above 
properties the basic issues concerning the large time behavior of the process 
are non-trivial. 

In lis it has been proved that the model onQ = Z'^ is ergodic for any q > 
with a positive spectral gap which shrinks to zero as q ^ corresponding to 
the occurrence of diverging mixing times. A key issue both from the mathe- 
matical and the physical point of view is what happens when the evolution 
does not start from the equilibrium measure fi. The analysis of this setting 
usually requires much more detailed information than just the positivity of 
the spectral gap, e.g. boundedness of the logarithmic Sobolev constant or 
positivity of the entropy constant uniformly in the system size. The latter 
requirement certainly does not hold (see Section 7.1 of [2]) and even the 
basic question of whether convergence to fi occurs remains open in the infi- 
nite volume case. Of course, due to the existence of blocked configurations, 
convergence to fi cannot hold uniformly in the initial configuration and one 
could try to prove it a.e. or in mean wrt. a proper initial distribution u / /i. 

From the point of view of physicists, a particularly relevant case (see e.g. 
111311 ) is when is a product Bernoulli (pO measure with p' ^ p and / 1). 
In this case the most natural guess is that convergence to equilibrium occurs 
for any local (i.e. depending on finitely many occupation variables) function 
fi.e. 

lim I du{rj)E^{f{r]t)) = //(/) (1.1) 

where rit denotes the process started from rj at time t and that the limit is 
attained exponentially fast. 

The only other case of KCSM where this result has been proved Q (see 
also lIU) is the East model, that is a one dimensional model in which the 
constraint at x requires the neighbour to the right of x to be empty. The 
strategy used to prove convergence to equilibrium for East model in H 
relies however heavily on the oriented character of the East constraint and 
cannot be extended to FAlf model. We also recall that in [4] a perturbative 
result has been established proving exponential convergence for any one 
dimensional KCSM with finite range jump rates and positive spectral gap 
(thus including FAlf at any q > 0), provided the initial distribution u is "not 
too far" from the reversible one {e.g. for u Bernoulli at density p' ^ p). 

Here we prove convergence to equilibrium for FAlf on a infinite con- 
nected graph Q with polynomial growth (see the definition in sec. 12.11 be- 
low) when the equilibrium vacancy density q is above a proper threshold 
q (with q < Vj and the starting measure v is such that the mean distance 
between two nearest empty sites is uniformly bounded. That includes in 
particular any non-trivial Bernoulli product measure with p' ^ p but also 
the case in which u is the Dirac measure on a fixed configuration with in- 
finitely many empty sites and such that the distance between two nearest 
empty sites is uniformly bounded. The derived convergence is either expo- 
nential or stretched exponential depending on the growth of the graph. In 
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the particular case G = Z'^, we can prove exponential relaxation only for 
d = 1. If d > 1 we get a stretched exponential behavior. Although our re- 
sult can be generalized to other non cooperative models (see e.g. ^ for the 
definition of this class ), to let the paper be more readable we consider here 
only the FAlf case. 

We finish with a short road map of the paper. In section [2] we introduce 
the notations and give the main result. The main strategy is described in 
section [3TT] but it can be summarized as follows. We first replace E,,{f{r]t)) 
with a similar quantity but computed w.r.t the FAlf finite volume process 
(actually a finite state, continuous time Markov chain evolving in a finite ball 
of radius proportional to time t around the support of /) . This first reduction 
is standard and it follows easily from the so-called^nite speed of propagation. 
Then we show that, with high probability, only the evolution of the chain 
inside a suitable ergodic component matters. The ergodic component is 
chosen in such a way that the log-Sobolev constant for the restricted chain 
is much smaller than t. This second reduction is new and it is at this stage 
that the restriction on q appears and that all the difficulties of the non- 
equilibrium dynamics appear. Its implementation requires the estimate of 
the spectral gap of the process restricted to the ergodic component (see 
section (6]) and the study of the persistence of zeros out of equilibrium (see 
section [4]). Finally, in section [5] we prove the main result of the paper. 

2. Notation and Result 

2.1. The graph. Let Q = {V,E)he an infinite, connected graph with vertex 
set V, edge set E and graph distance d{-,-). Given x the set of neighbors 
of X will be denoted by7\4.. For all A c F we call diam(A) = sup^. d{x, y) 
the diameter of A and 9A = {x € y \ A: A) = 1} its (outer) boundary. 
Given a vertex x and an integer r, B{x,r) = {y ^ V : d{x,y) < r} denotes 
the ball centered at x and of radius r. We introduce the growth function 
F : N \ {0} ^ N U {oo} defined by 

F{r) = sup \B{x, r)\ 

where | • [ denotes the cardinality. Then we say that Q has {k, D) -polynomial 
growth if F{r) <kr^ for all r > 1, with k and D two positive constants. An 
example of such a graph is given by the d-dimentional square lattice that 
has (S'^, d) -polynomial growth (with the constant S'^ certainly not optimal). 

2.2. The probability space. The configuration space is = {0, 1}^ equip- 
ped with the Bernoulli product measure /i of parameter p. Similarly we 
define JIa and for any subset k dV. Elements of $7 (JIa) will be denoted 
by Greek letters r], u>, a (r/A, wa, o"a) etc. Furthermore, we introduce the 
shorthand notation fi{f) to denote the expected value of / and Var(/) for 
its variance (when it exists) . 

2.3. The Markov process. The interacting particle model that will be stud- 
ied here is a Glauber type Markov process in ft, reversible w.r.t. the measure 
/i. It can be informally described as follows. Each vertex x waits an in- 
dependent mean one exponential time and then, provided that the current 
configuration a is such that one of the neighbors of x (i.e. one site y G A^) 
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is empty, the value a{x) is refreshed with a new value in {0, 1} sampled from 
a Bernoulli p measure and the whole procedure starts again. 

The generator £ of the process can be constructed in a standard way (see 
e.g. |fT4ll l. It acts on local functions as 

^/(^) = Y.c^{<T)[qa{x) +p{l-a{xmf{a-) - f{a)] (2.1) 

x&V 

where Cx{cr) = 1 if Jlj/GA/'a: ^(y) ~ ^ Cxi^-) = otherwise (namely the 
constraint requires at least one empty neighbor), is the configuration 
a flipped at site x, q E [0, 1] and p = 1 — q. It is a non-positive self- 
adjoint operator on L^(J7,^) with domain Dom{£), core P(jC) = {f : Cl ^ 
R s.t. Yyxev s^Po-gQ Ifi'^^) ~ fi^)\ < oo} and Dirichlet form given by 

x&V 

Here Vara.(/) = J dn{uj{x))f'^{uj) — [J fi/i(a;(x))/(a;))^ denotes the local vari- 
ance with respect to the variable a;(x) computed while the other variables 
are held fixed. To the generator C we can associate the Markov semigroup 
Pt := e*^ with reversible invariant measure fi. We denote by at the process 
at time t starting from the configuration a. Also, we denote by E^(/(7/j)) 
the expectation over the process generated by C at time t and started at 
configuration i] at time zero and, with a slight abuse of notation, we let 

^uifiat)) := I di^m^ifivt)) 

and let W^, be the distribution of the process started with distribution u at 
time zero. 

For any subset A c 1^ and any configuration r/ G Q 

xGA 

where ^(cr) = Cx{o-A_r]\c) where a\r]\c is the configuration equal to a on 
A and equal to on A'^. When rj is the empty configuration we write simply 

Ca,.,A and C{^. 

2.4. Main Result. In order to state our main theorem, we need some nota- 
tions. For any vertex x € F, and any configuration o- G 17, let 

i^'i'^) = ,min {d{x,y)} 
be the distance of x from the set of empty sites of a. 

Theorem 2.1. Let q > 1/2. Assume that the graph Q has {k, D)-polynomial 
growth and f: — > M is a local function with fi{f) = 0. Let ube a probability 
measure on U such that k := sup^.gy Ei,(0o ) < oo for some 9o > 1. Then, 
there exists a positive constant c = c{q, k, D, k, |supp(f) [) such that 

\Mf{-t))\ < c||/lU i'~lncio,t)]^fn ll w > 2. 
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Remark 2.2. We expect that our results hold also for < q < ^. This needs 
a more precise control of the behavior of = ^^(crt). In dimension one we 
can obtain a better threshold by calculating further time derivatives of u{t) = 
E^(^^*), see Prov)osition \4A\ beloM^. 

Remark 2.3. Observe that if v is a Dirac mass on some configuration rj, the 
condition reads sup^.gy Oo < oo. This encodes the fact that i] has infinitely 
many empty sites and that, in addition, the distance between two nearest empty 
sites is uniformly bounded. This condition is different from the case of the East 
model in [4] where the condition on the initial configuration was the presence 
of an infinite number of zeros. 

Remark 2.4. If one considers the case in which v is the product of Bernoulli-p' 
on Q, one has that, for all 9 < 1/p' and all x ^Q, 

oo oo oo ^ 

fc=0 k=0 k=0 ^ 

Hence, k < for Oo G (1, ^" particular Theorem \2. 1 1 applies to any 

initial probability measure, product of Bernoulli-p' on Q, with p' e [0, 1). 

Remark 2.5. Note that graphs with polynomial growth are amenable. We 
stress anyway that there exist amenable graphs which do not satisfy our as- 
sumption. This is due to Proposition 13.11 below that gives a useless bound in 
the case of amenable graphs with intermediate growth (i.e. faster than any 
polynomial but slower than any exponential, see [9]). The same happens to 
any graph with exponential growth (such as for example any regular n-ary tree 
(n > 2)). 



3. From infinite to finite volume 

This section provides a general result that will be the starting point of our 
analysis. The strategy developped here (and given in Section [3TT] below in 
a general setting) might be of indepedendent interest. The idea is first to 
reduce the study of the evolution of the process from infinite to a finite ball 
of radius proportional to t. Then to small sets on some ergodic component 
so that the log-Sobolev constant is much smaller than t. 

The first reduction is standard and known as the finite speed of propa- 
gation. Namely, given a local function / with supp(f) C B{x,r) for some 
X G y, and some integer r, we have (see e.g. IfTSll ") for any initial measure u 
on n 

K{f{<rt)-f{<r^))\<c\\f\U-' 

where af" is the configuration at time t of the process starting from aA, on 
the finite volume A = B{x, r + lOOt) with empty boundary condition and c 
is some positive constant depending on jsupp(f)[. Hence, 

Kifi<Tt))\ < K{fi<^h)\ + c||/||ooe-*. (3.1) 

Next we divide A into n connected subsets Ai, A2, . . . , A„ such that UjAj = 
A and Aj n Aj = for all i / j. Such a decomposition will be called a parti- 
tion of A. 
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Given such a partition of A, let A be the set of configurations containing 
at least two empty sites in each Aj . Namely, 

n 

^= G JIa s.t. ^(1 -cj(2;)) > 2}. (3.2) 

i=l xeAi 

With these notations we can now state our result. 

Proposition 3.1. Fix A c V and f local, with supp(f) C A and fi{f) = 0. 
Then, there exists a constant c = c{q, |supp(f)|) such that for any partition Ai, 
A2, An of A, for any initial probability measure u on ^l, it holds, 

K{f{a^))\ < c||/||oo ( ne-'?™ + t sup F,{r]^ ^ A) + \A\e-'/^ 



+ exp|-^+c|A|e-*/('=^^)|) 



where m := min{jAi|, . . . , |An|} and M := max{[Ai|, . . . , |A„|}, provided 
that ne-"'^ < 1/2. 

In order to prove Proposition 13 . 1 1 we need first a general result on Markov 
processes. 

3.1. Preliminary results on Markov processes. We here give a general 
result which links the behavior of a Markov process on a finite space to that 
of a restricted Markov process. We use it to reduce the evolution of the FAlf 
process to small sets on some ergodic component. In this section 5 is a finite 
space. Recall that a transition rate matrix Q = {q{x, y))x,y<^s is such that for 
any x,y e S 

q{x,y)>0 iorx^y and ^ y) = 0. 

yes 

and Q univocally defines a continuous time Markov chain {Xt)t>o as fol- 
lows IIT4I. If Xt = X, then the process stays at x for an exponential time 
with parameter c{x) = —q{x,x). At the end of that time, it jumps to y ^ x 
with probability y) = q{x,y)/c{x), stays there for an exponential time 
with parameter c{y), etc. Fix A C S and set ^ = ^ U {y ^ ^: q{x,y) > 
Ofor some x G A}. Let {Xt)t>o be a continuous time Markov chain with 
transition rate matrix Q = {<i{x,y))^ y^j^ such that Vx G A and Vy G A, 

q{x,y) = q{x,y). Assume that {Xt)t>o and {Xt)t>o are reversible with re- 
spect to some probability measures vr and tt respectively. Then, we define 
the spectral gap 7 of the hat chain as 

E.,yHx)p{x,y){f{y)-f{x))'' 

7 := mi 

/:/7^const 2Var^(/) 

and the log-Sobolev constant a as 

2Ent^(/2) 



J2x,y'^i^)pix^y)ifiy) - fi^)y 

where Ent^-(/) = 7r(/log/) — 7r(/) log 7r(/) denotes the entropy of /. See 
IfTll for an introduction of these notions. 
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Proposition 3.2. Let {Xt)t>o, {Xt)t>o, tt, tt, 7 and a as above. Then, for all 
initial probability measure u on S and all f: 5 — )■ M with 7r(/) = 0, it holds 

K{f{Xt))\ < + 11/1 loo (4P,(^^)+exp|-7^ + e-f logl 

' (3.3) 

where At = {Xs E A, Vs < t} and tt* := minxfzs 7r{x). 

Remark 3.3. The usual argument (see IfTTl [T9l ) using the log-Sobolev con- 
stant would lead to 

KifiXt))\ < |l/l|ooexp|-7^ + exp{-^}log-J;^|. 

On finite subsets A o/Z'^ (with it = ^i) the log-Sobolev constant grows propor- 
tionally to the volume |A| (see In view of the finite speed property (see 
(I3.1D ). one has to consider A = B{x, r + lOOt) so that the log-Sobolev constant 
grows as f^. Hence, using log vr* ~ f^, one would get the useless bound 

KifiXt))\<\\f\\o.expLj^- + cf 



The main improvement in proposition 13.21 comes from the fact that we deal 
with a restricted (the hat) chain for which the log-Sobolev constant a is much 
smaller than a, in particular much smaller than t so that the dominant term 
in exp {— 7I + exp{— ^} log is given by the gap term ^t. The price to pay 
are the extra terms in (13. 3D that one has to analyze separately. 

Proof Fix a probability measure u and a function / with 7r(/) = and let 
9 = f -T^U)- Then 

\^u{f{Xt))\ < |7r(/)| + + \^u{9{Xt)tA,)\. (3.4) 

We now concentrate on the last term in (13. 4D . By definition of the chains 

{Xt)t>o and {Xt)t>Q one has 

¥.,{g{Xt)\At) = l^du{x)E^{g{Xtn{x^^Ays<t})- 
Hence, by Holder inequality, we have 



KigiXt)lM)\ = I J^duix)E,igiXt)il - l|x.eAVs<t}c)l 

< \7r{hPtg{Xt))\+2\\f\\^F,{A^) 

< ii/iiiL,swib(^t)iii^'(^) + rnwMA) 

where h = du/d-K and /3, /3' > 1, that will be chosen later, are such that 

2t 

= 1. To bound the previous expression take /3' = l+e'& . Usingthe 
hypercontractivity property IfTOH (see e.g. HTJ chapter 2]) and the spectral 
gap we obtain 

On the other hand 



|^||l'9(^) < ( / hdTT \ Ij/illoo" =\\h\\So < exp{e a log | |/i| |oo} 
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and the proof is completed since | |oo < log □ 

3.2. Proof of Proposition 13.11 This section is dedicated to the proof of 
Proposition I3.1[ 

In the sequel c will denote a constant depending on q and |supp(f)| and 
whose value may change from line to line. 

Our aim is to apply Proposition 13. 2i Let us define the setting. First S = 
i7A- Define A as the set of configurations in such that there exist at least 
two empty sites in each set Aj (see (13. 2D "), and At = {cr^ G A for all s < t}. 
Also, let A = {a e ^Ia: ^^gaS^ ~ ^(^)) - 1; ^ = I, . . . ,n}, i.e. 

the set of configurations that can be obtained from ^ by a legal flip for the 
process. Let ui be the entirely filled configuration (i.e. such that uj{x) = 1 
for all X gV). The transition rates are, Va, t] g Q\, 



and 

q{a,ri) -- 



Cx,A{(7)[q(T{x) + p{l - a{x))] ifr/ = o-^' 
otherwise 



d^^j^{a)[q(T{x) - (j{x))] ii a ^ A and r] = a'' ^ A 

otherwise. 



The process {Xt)t>o is )t>o- The process (Xt)t>o is the process (erf 
started from a ^ A and killed on A'^. Then tt = fi\ and 7r(-) = i.ia{-\A). 
Thus, thanks to Proposition 13. 2[ we have 

Ann . . , , . „s , . .^s f . t _2t , 1 



)t>Q 



|]E.(/K))| < |vr(/)I + I|/|[oo [2KiA'i) + exp |-7- + e"^ log — 

We now study each term of the last inequality separately. 

If we recall that /Ua(/) = At(/) = and using a union bound, we have 

K/)t^ '^-''^^-;^'»' <ii/ii.o^<ii/iu^^. C3.5, 

mM) MA) 9™ 

We now deal with the term Fi,{At). 

Let It be the event that there exists a site in A with more than 2t rings in 
the time interval [0, t]. Then, by standard large deviation of Poisson variables 
and a union bound, there exists a universal positive constant d such that 
Fu{At n It) < d\A\e^*/^. Furthermore, using a union bound on all the rings 
on the event If, we have 

F^iAtHl^) < 2t sup P^(cj^ ^ A). 

We deduce that 

P.(A') < c ( t sup F,{aj ^A) + |A|e-*/3 ] . 

V se[o,t] ) 

Next we analyse the log-Sobolev constant a and the spectral gap constant 
7. For that purpose, let us introduce a new process X with transition rates : 
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('c^_^^(cr)[ga(x) +p{l -o-(x))] if x G Aj and a, a"" e A 
I otherwise. 



Clearly a < a < 7. Moreover vr is a reversible measure for the tilde process. 
Observe that A = 0"=! where 

= {cT G s.t. 3xi G Aj with a{xi) = 0}. 

If we denote by /ii(-) = /^a^ (• | ^i), the product structure of fi and A transfers 
to vr so that tt = Furthermore, Xt restricted to each is ergodic and 
reversible with respect to fn. Hence we can define the associated spectral 
gap 7i and log-Sobolev constant dj. By the well-known tensorisation prop- 
erty of the Poincare and the log-Sobolev inequalities (see e.g. [1, Chapter 
1]), we conclude that 7 = min(7i, . . . , 7„) and a = max(Q;i, . . . , dtn)- Then, 
Proposition 13 .41 below shows that 7 > c and on ^ c[Aj|. Hence, 

exp|-7|+exp{-?}logi^| ^ exp |- * + c|A|e-*/(^^^) 
[2 a vr* J [ c 

This ends the proof. 

Proposition 3.4 (EI]). Let A a V he connected, = {cr G f^: - 
> 1} and fiA{-) = 1 ^a)- Let lo be the entirely filled configuration 
(i.e. such that uj{x) = 1 for all x & V) and for x G A, define Cx{cr) := 
'^li Ai^^'^a^eCiA there exists a constant c = c{q) such that 

ja:= inf ^^^aM^^I^I^ADI > a 

f:Mconst. ya'CfiA if) 



and 



"A := sup ^—r~^r rnT - ^l^'- 



Proof The first part on the spectral gap is proven in (Sl Theorem 6.4 page 
336]. In section [6] we give an alternative proof which gives a better bound 
for small q and can be extended to non cooperative models different from 
FAlf 

The second part easily follows from the standard bound |[5l [TSll 

aA < lA^ log ^ 

^^A 

where := min^^j^^ /i^(cr) > exp{-c|A|}. □ 

4. Persistence of zeros out of equilibrium 

In this section we study the behavior of the minimal distance from a fixed 
site at which one finds a vacancy. The result that we obtain will be used 
in Section [5] for the proof of our main Theorem 12. li Indeed Proposition 
14.11 will be a key ingredient in order to estimate the second term in the 
inequality of Proposition 13. 1[ namely the probability the process gets out of 
the component A of the configuration set which requires two empty sites on 
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each small volume Aj. For any a G {0, 1}^ and any x G F define ^^(cr) as 
the minimal distance at which one finds an empty site starting from x, 



C""!^) = ,min {d{x,y)} 



with the convention that min0 = +oo, (^^(cr) = if a{x) = 0). 

Proposition 4.1. Consider the FAlf process on a finite set A c F with gen- 
erator £\. Then, for all x ^ A, all 9 > 1, all q G (g^^,!] and all initial 
configuration rj, it holds 



+ 



+ 1 



Vt > 0, 



where X = '-^{q - 



Proof Fix 9 > I, q > and x G A. To simplify the notation we drop 
the superscript x from and set ^4 = S,{cr^) in what follows. Recall that 
(Tj^ is defined with empty boundary condition so that < d{x,A^). Let 
u{t) = E_r/(6'^') and observe that 



di 



u 



To calculate the expected value above we distinguish two cases: (i) = 0, 

(ii) 6 > 1- 

Case (i): assume that (,t = 0. Then 



6=0 



(4.1) 



Case (ii). Define E{a) = {y e V : d{x,y) = ^{a) and a{y) = 0} and 
^i^) = {y ^ ^ '■ d{y,E) = 1 and d{x,y) = ^(cr) — 1}. Then one argues that 

can increase by 1 only if there is exactly one empty site in the set E, and 
that it can always decrease by 1 by a flip (which is legal by construction) on 
each site of F (see Figure [4l) . 



• • • 



E 




^ O 



Figure 1 . On the graph Q = I?, two examples of configura- 
tions for which = 3. On the left cannot increase since 
> 2, it can decrease by a flip (legal thanks to the empty 
sites in E^ in any points of F. On the right can either 
increase or decrease. 
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Hence 



p{9-l)^Cy{a^)l^E\=, + q\F\{l-l) 



y&E 



< e^^[p{e - 1) - q'L-l] + [qLA _p^e - i)]i^,=o (4.2) 

Summing up (14. ID and (I4.2D we end up with 

Therefore, since p = 1 — q, 

9—1 9—1 

u\t) < {{p9 - q)u{t) +q) = -Xu{t) + q—^ 

and the expected result follows. □ 
5. Proof of the Main Theorem 



In this section we prove Theorem [2TTJ 



Proof of Theorem \2.1\ In all the proof c denotes some positive constant de- 
pending on all the parameters of the system and that may change from line 
to line. 

Fix t >2 and a local function /. Thanks to (I3.1D we deal with the process 
in finite volume A = B{x, r + lOOt) where r e N and x & V are such that 
supp(/) C B{x,r). 

Our aim is to apply Proposition 13.11 Observe first that for any positive 
integer £ ^ t, there exists a partition of (connected) sets Ai , . . . , A„ of A, 
and vertices xi, . . . , x„ G F, such that for any i, B{xi,£) C Ai c B{xi, 

Then, take ^ = e[t/ log t]^/^ ii D > 1 and i = et ii D = 1 ior some e > 
that will be chosen later and observe that, with this choice, 

M = max(|Ai|, . . . , |A„|) < k3^i^ 

(since Q has polynomial growth) . Furthermore 

m = min([Ai[, . . . , |A„|) > i 

Since n < |A| < ct^, Equation (13. ID and Proposition 13.11 guarantee that 



provided e is small enough. 



g-[i/(clogt)]V.. ifZ)>l 



One can construct Ai,...,A„, xi,...,Xn as follows. Fix a site a;o G A such that 
B{xo,£) C A. Then order (arbitrarily) the sites yi,y2, . . . ,yN of {x £ A: B{x,£) C 
A and d{x,Xo) = 2i{£ + 1) — 1 for some i > 1} and perform the following algorithm: 
set xi = Xo, io ~ 0, and for fc > 1 set Xk+i = yt^. with := inf{j > ik-i + 1 : 
B{yj,i) n {Ui^iB{xi,£)) = 0}. Such a procedure gives the existence of n sites xi, . . . ,Xn 
such that B{xi,£) n B{xj,£) = 0, for all i / j, B{x^,£) C A for all i and any site 
yk ^ A :— yJl^iB{xi,£) is at distance at most 2£ — 1 from A. Now attach each connected 
component C of A'^ to any (arbitrarily chosen) nearest ball B{xi,£), i e {!,... ,n}, with 
which C is connected, to obtain all the A; with the desired properties. 
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It remains to study the first term of the latter inequahty. We partition each 
set Aj into two connected sets and A^" (i.e. Aj = A^^ U Ar and A^^ n A^" = 
0) such that for some xf,x^ £ V, B{xf,l/A) c A^ (the existence of such 
vertices are left to the reader). The event {a^ ^ A} implies that there exists 
one index i such that at least one of the two halves A^ , A^^ is completely 
filled. Assume that it is for example A^, i.e. assume that for any x G A^, 

cr^(x) = 1. This implies that C^»^(cr^) > ^/4. Hence, thanks to a union 
bound, Markov's inequality, and Proposition I4.1[ there exists 9 > 1 such 
that 

fe~*/^ ifL> = l 

jg-Mclogt)]Vi^ ifZ)>l 

where we used the definition of i and that n < |A| < ct^ 
proof. 



. This ends the 

□ 



6. Spectral gap on the ergodic component 

In this section we estimate the spectral gap of the process FAlf on the 
ergodic component on = (F, E). This has been done in Il2l[3]l. However, 
we present here an alternative proof, based on the ideas of 01611 . that, on 
the one hand, gives a somehow more precise bound for very small q and, 
on the other hand, can be generalized to non cooperative models different 
from FAlf on some ergodic component (not necessarily the largest one). 
An example of non cooperative model different from FAlf is the following. 
Each vertex x waits an independent mean one exponential time and then, 
provided that the current configuration a is such that at least two of the 
sites at distance less or equal to 2 are empty ( J2yeN' ~ ^iv)) — 2j where 
■^x = {y- d{x,y) < 2}), the value a{x) is refreshed with a new value in 
{0, 1} sampled from a Bernoulli p measure and the whole procedure starts 
again. For simplicity we deal with the FA- If model. 

For every A cV finite, define 

QA = {aen: ^(1 - a{x)) > 1} (6.1) 

and fiA{-) = ha{- \ CIa). Let c^(cr) = c^_^(a)l^,gj^^ for all a G CIa, where uj 
is the entirely filled configuration, i.e. uj{x) = 1 for all x £ V. The spectral 
gap for the dynamics on CIa is defined as 

. ■ f ExeA AA(cxVar^(/)) 
gap(A) := mf ^— — (6.2) 

f:f^const. Var/i^(/) 

where the infimum runs over all non constant functions f : CIa ^ M., and for 
simplicity we set Var^.(/) := Var^^^j (/). 
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We now state the result on the spectral gap. 

Theorem 6.1. Let Q = {V,E) he a graph with {k, D)-polynomial growth. 
Then there exists a positive constant C = C{k, D) such that for any connected 
set AcV 

gap(A) > C 



log(2/g) 



D+l 



The proof of Theorem 16. II is divided in two steps. At first we bound from 
below the spectral gap of the hat chain in A by the spectral gap of the FAlf 
model (not restricted to the ergodic component), on all subsets of V with 
minimal boundary condition. Then we study such a spectral gap following 
the strategy of [16]. 

We need some more notations. Given A c V, z & dA and x e A define 



'^x Ai^) — '^x^Ai^)' 17 G Jl, where u^^^ is the entirely filled configuration, 
except at site z where it is 0: a;(^)(x) = 1 for a\\ x ^ z and u}^^\z) = 0. The 
corresponding generator will be simply denoted by It corresponds 
to the FAlf process in A with minimal boundary condition. 

The first step in the proof of Theorem 16.11 is the following result. 

Proposition 6.2. For every finite connected subsets AofV with Sp'^^i^'^W/^ < 
^ it holds 

gap(A) > ^ inf gap(£5i). 

AC V. connected 
z6SA 

Observe that, combining fS", Theorem 6.1] and 1*2^, Theorem 6.1] for any 
set A and any site z, we had gap{C\) > cg'°S2(i/9) for some universal positive 
constant c. Hence, for the FAlf process, we had the lower bound 

gap (A) > cg'°S2 (!/<?). 

We present below an alternative strategy (based on Ifl6ll ") which can be ap- 
plied to other non-cooperative models and gives a more accurate bound for 
the FAlf process when q is small. 

Proof Consider a non constant function f : Cl\ ^ M. and define / : JIa ^ 
as 

[ otherwise 

We divid^ A into two disjoint connected subsets A and B such that their 
diameter is larger then |A|/3. 

Thank to Lemma [675] below (our hypothesis implies that max(l— /^(ca), 1— 
//(cs)) < 1/16) 

Var^J/) < 24/iA[cBVar^^(/) +CAVar^^(/)] 
where ca = and cb = and CIa and CIb are defined in (16. ID . 



To construct A and B take two points x, y such that d{x, y) = £ := diam(A) and define 
Ao ^ {z G A: d{x,z) < and Bo = {z G A: d{y,z) < e/3}. Attach to Ao all the 

connected components of A \ (Ao U Bo) connected to Ao to obtain A, then attach all the 
remaining connected components of A \ {Ao U Bo) to Bo to obtain B. 
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Consider the first term. Define the random variable 

C := sup{d{A, x) : a{x) = 0} 
xeB 

where by convention the supremum of the empty set is oo. The function cb 
guarantees that ( e {1,2, •• • ,diam(A)}. Following the strategy of [2] we 
have 

/iA[cBVar^^(/)] = — ^— V/iA[lc=nVar^^(/)] 
A^A(iU) „>i 

where An = {x € A: d{A,x) < n — 1} and we used the convexity of the 
variance (which is valid since the event {( = n} does not depend, by con- 
struction, on the value of the configuration inside An). The indicator 
function above 1(=„ guarantees the presence of a zero on the boundary dAn 
of the set A„. Order (arbitrarily) the points of dAn and call Z the (random) 
position of the first empty site on dAn- Then, for all n > 1, 

^A[lc=nVar^^^(/)] = fiA[lc=n'^z=zyai^^^if)] 

< J2 sM^A„r' E /"A[lc=nl^=^/"A„(4,AVar,(/))] 

zGdAn y€A„ 

E E /^A[lf="l^=-4AVar,(/)] 
zedAn y&A 

n 

where we used the fact that the events {C = n} and {Z = z} depend only 
on cr^^, and where 7 := supgap(£^)~^, the supremum running over all 
connected subset ^ of y and all z G OA. Now observe that l(=n'^z=zCy ^ < 

l^=n'^z=zCy for any y G An- Hence, 

/iA[cB Var^^(/)] < — E E ^^[^C="l^=2CyVarj,(/)] 
AtAliUj n>lz€dA„yeAr, 

^^FTtEE E /^A[lc=nl^-c,Var,(/)] 

/^A(.i^Aj yeAn>lzedA„ 

= 7 E [cj/ Vary (/)] = 7 ^ /Ia [c^ Vaij^ (/)] . 
ygA yGA 

The same holds for flA[cA Var^^ (/)], leading to the expected result. □ 

The second step in the proof of Theorem 16.11 is a careful analysis of 
gap(i2^) for any given connected set yl c F and z € OA. 

Proposition 6.3. Let Q = (F, E) he a graph with {k, D)-polynomial growth. 
Then, there exists a universal constant C = C{k,D) such that for any con- 
nected set A cV, and any z G OA, it holds 

r,D+A 

gap(£5i) > C 



log(2/g) 



D+l ■ 
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We postpone the proof of Proposition 16.31 to end the proof of Theorem 



Proof of Theorem 16. J I The result follows at once combining Proposition 16.21 
and Proposition 16. 3[ □ 



In order to prove Proposition 16. 3[ we need a preliminary result on the 
spectral gap of some auxiliary chain, and to order the points of A in a proper 
way, depending on z. Let N := max^.^^ d{x, z), for any z = 1, 2, . . . , A^, we 
define 

Ai:={xeA: d{x, z) = i} = {x? , . . . 

where x^^\ . . . , Xn} is any chosen order. Then we say that for any x,y e A, 
X < y if either d{x, z) > d{y, z) or d{x, z) = d{y, z) and x comes before y in 
the above ordering. Then, we set A^ = {y ^ A: y > x} and A^ = Ax \ {x}. 

Lemma 6.4. Fix a connected set A c V, and z G OA. For any x e A and 

cr G ri, let Ex C , Ax = supp(-E'a;) and Cx{o-) = lE^icr^ )■ Assume that 

supii{l - Cx) sup \{y e A: AyU {y} B x}\ < \. 

Then, for any f : $7^ ^ M it holds 

Var^^(/) <4^/.AfeVar,(/)). 

x<^A 

Proof We follow ffT6l . In all the proof, to simplify the notations, we set 
Var^ = Var^g, for any B. First, we claim that 

Var^(/) = (Var A. (^^^ (/))). (6.3) 

xeA 

Take x = x^^ , by factorization of the variance, we have 

Var^(/) = ;U^(Var^^(/)) + VavA{|^A^f))■ 

The claim then follows by iterating this procedure, removing one site at a 
time, in the order defined above. 

We analyze one term in the sum of (16. 3D and assume, without loss of 
generality that haAI) = 0- We write = f^A^^^f) + f^A^C^ " ^x)f) 

so that 

/XA[Var^J/x^^(/))] < 2/XA[VarA.(/i^^(c,./))] + 2/iA[Var^.(/x^J(l - c,)/))]. 

(6.4) 

Observe that, by convexity of the variance and since Cx does not depend on 
X, the first term of the latter can be bounded as 

MA[Var^J/x^^(c^/))] = /iA[Var^(/x^^(c^/))] < /xa[c:, Var^(/)]. 

Now we focus on the second term of (I6.4D . Note that fx^ [(1 ~ ^x)f)] = 

- Cx)f^A^\AAf))]- ^ '■= sup^eA/^(l - Cx)- Hence, bounding the 
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variance by the second moment and using Cauchy-Schwarz inequality, we 
get 



From all the previous computations (and using (I6.3D ") we deduce that 



VarA(/) < 2^/iAfeVar,(/)) + 25^MA (VarA.(/.^^\^J/))) . 
xgA xeA 

Hence if one proves that 

(yarAA^^AAA^f))) <sup\{xeA:A.,U{x}3y}\YaTA{f) (6.5) 



xeA 



y£A 



the result follows. We now prove (16.5ft . Using (16.3ft . we have 



y&A^ y&A^U{x} 

where g = fJ'A \a (/) used that supp(g) C A^;. It follows that 



/iA (VarAjfif)) Yl f^A[VarAy{nAyi9))) < Yl [VarAy{nAyif)) 
since, by Cauchy-Schwarz, 

//A (VarA,(^A,(5))) = MA ([^AAA, - 

<MA (VarA,(MA, (/)))• 
This ends the proof. □ 



Proof of Proposition \6.3\ Our aim is to apply Lemma \6A\ Let us define the 
events E^, for x ^ A. Fix an integer £ that will be chosen later and set n = 
£ A d{x, z). Let (xi, X2, . . . , x^) be an arbitrarily chosen ordered collection 
satisfying = 1, d{xi,x) = i and d{xi,z) = d{x,z) — i for z = 

0, . . . , n, with the convention that xq = x, and set = {a G i^: Yy^=ii^ ~ 
o'ixi)) > 1}, i.e. Ex is the event that at least one of the site of A^, = 
{xi,X2, ■ ■ ■ ,Xn} is empty. Note that by construction A^: C ^ U {z} and is 
connected. Moreover for any x such that d{x, z) < £, E^ = so that Cx = 1. 
Since lA^ I ^ k£^ for any x G A, the assumption of Lemma 16.41 reads 

p^{l + k£^) < 1/4 

which is satisfied if one chooses £ = ^ log | with c = c{k, D) large enough. 
Hence for any / : Oa — > IK it holds 

Var^^(/) <4^/XA(cxVar,(/)). 

x^A 
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and we are left with the analysis of each term fiAicx Yarxif)) for which we 
use a path argument. Fix x e A and the collection {xi,X2, ■ ■ ■ ,Xn) intro- 
duced above. Given a configuration a such that Cx{a) = 1, denote by ^ 
the (random) distance between x and the first empty site in the collection 
{xi,X2, ■ ■ ■ , Xn)' i.e. ^(cr) = inf{i: a{xi) = 0}. Then we write 

n 

Var,(/)) = 

l5=iVar,(/)) 

i=l 
n 

PlY. /XA(cT)(/(a-)-/(a))2 

where the sum is understood to run over all a such that Cx.(cr) = 1 (and 

Fix f G {1, . . . , n}. For any cr G such that ^(cr) = z, we construct a path 
of configurations 7x.(cr) = (erg = cr, cJi, cr2, . . . , (Th^^ = cr^) from cr to a^, of 
length 4i — 5 < A£. The idea behind the construction is to bring an empty site 
from Xi, step by step, toward xi, make the flip in x and going back, keeping 
track of the initial configuration a. For any j, aj-^i can be obtained from 
aj by a legal flip for the FAlf process. Furthermore aj differs from a on at 
most three sites (possibly counting x). More precisely, define Tfc(cr) := cr^* 
for any k and a, and 



T- 


-A:-l(o-) 


ifj 


= 2A; + 1, and = 0, 1, . . . ,i - 2 


Ti- 




ifj 


= 2fc, and A; = 1, . . . , i — 2 


Ti 




ifj 


= 2i - 2 


Tk- 


-i+2 o Tk-i+^iia'^) 


ifj 


= 2k + l, and A; = z - 1, . . . , 2i - 


\ 




ifj 


= 2fc, and A; = f,. . . ,2i - 3. 



See Figure [6] for a graphical illustration of such a path. 

a; a;2 a;4 = a;; 
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CJll = 0-^ 



Figure 2. Illustration of the path from a to for a config- 
uration a satisfying ^(u) = X4. Here i = 4 and the length of 
the path is 4i — 5 = 11. 

Denote by r^((7) = {o-Qi crii • • • ) cr4j-6} (i-e. the configurations of the 
path 7i:((t) except the last one cr^). For any t] = aj e r^(cr), j > 1, let 



18 O. BLONDEL, N. CANCRINI, F. MARTINELLI, C. ROBERTO, AND C. TONINELLI 

y = y{x,r]) G {x,xi,X2, ■ ■ ■ ,Xi} be such that t] = <7j_i- Then, by Cauchy- 
Schwarz inequality, 



\f?er:,((T) / verbid) 

<- E c,(r?)Var,(/)(r?). 
pq 



Hence, 



where 



Var,.(/)) < AiKY,l^A{r])cy{7])Ya.ry{f) 



y3 ■ 



2 

Indeed ^yi(cr)//iyi(r?) < 25.niax(2, 2) since any r/ e r2;(cj) has at most two 
extra empty sites with respect to a and differs from a in at most three sites, 
and we used a computing argument. 

Recall that y = y{x, rj). It follows from the latter that 

Var^^(/) < —3- YY fiA{v)cy{v)yary{f) 
x£A ri 

\'2Si ^ ^ 



where 



K' = sup V lj/(x,r,)=M < sup \B{u,e)\. 

x€A 

The result follows since the graph has polynomial growth. □ 

In Proposition l6.2l we used the following lemma. 

Lemma 6.5. Take A,A,B cV such that A = AuB and yl n 5 = 0. Define 
CA = 1^2^ '^^^ = where (Ia and CIb are defined in (16.11) . Assume that 

max(l — ij,{ca), 1 — IJ'{cb)) < 1/16. Then, for all f : Cljy ^ R with fiA_{f) = 
it holds 

Var^J/) < 24/iA[cB Var^^(/) + Var^J/)] 
where f : —?' M. is defined as 



otherwise 
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Proof. Recalling the definition of the variance we have 

Var/i^(/) = inf Md/ - mp) 

< ^ inf //a((/16 -^f) 

= — ^Var,,(/). 

Observe now that, by construction, fi\{f) = and (1 — ca)(1 — cs)/ = Oso 
that we can apply Lemma [631 below and obtain 

24 . _ 

Var^^ (/) < — /xa[cb Var^^ (/) + Var^^ (/)] 
/WA(iiAj 

and the result follows. □ 

The next Lemma might be heuristically seen as a result on the spectral 
gap of some constrained blocks dynamics (see L2J). Such a bound can be of 
independent interest. 

Lemma 6.6. Let A = AU B with A, B cV satisfying A n 5 = 0. Define ha 
and two probability measures on {0, 1}^ and {0, 1}^ respectively, and fi = 
fJ-A^ IJ-B- Take ca, cb ■ {0, 1}^ —?- [0, 1] with support in A and B respectively. 
For any function g on {0, 1}^ such that (1 — ca){1 — 03)9 = it holds 

Var^(5) < 12fi[c%\ar^^{g) + c\\aTf,g{g)] 

+ 8max(l - h{ca),1 - ^(cb)) Var^(5). 

Proof Fix g on {0, 1}^ such that (1 — ca){1 — CB)g = and assume without 
loss of generality that ^{g) = 0. First we write 

9 = cb{9 - I^a{9)) + (1 - cb)ca{9 - I^b{9)) + (1 - cb)ca^J-b{9) 
- (1 - cb)caIJ-a{9) + (1 - cb)(1 - ca){9 - Ha{9)) + ^^a{9) 
= Cb{9 - I^Aig)) + (1 - Cb)ca{9 - I^b{9)) + (1 - CB)cA^iB{g) + CBHA{g) 

where we used the first hypothesis on g, (1 — ca)(1 — cb)9 = 0, and we 
arranged the terms. Therefore since we assumed fi{g) = and c^, cb € 

[0,1] 

Var^(g) = ii{g^) < McUg - tiA{9)?) + Mclid - f^B{9)f) 
+ Mi^b{9?) + Mf^Aigf) 
= Mc% Var^^ (g) + c\ Var^^ (g)] 

+ MflBi9f)+MfJ'Ai9f)- 

We now treat the fourth term in the latter inequality. 

[fJ-Aig)? = [fJ-Aig) - fJ'ig)? = [fJ-Aig - fJ'B{g))f 

= [f^A{cA[g - fj-B{g)]) + fj'Aii'i- - CA][g - fj'Big)])? 
< 2iiA{c\)tXA{c\[g - /Ub(5)]') + 2^a((1 - CAf)lJ^A{[g - Mg)?) 
If we average with respect to ^ we have 

li{liA{c\)lJ-A{c\[g - fJ'B{9)f)) = /iA(cA)^(cA Var^g(fi()) 
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and, using Cauchy-Schwarz inequality and < x for x G [0, 1], 

h{ha{{i - CAf)i^A{[g - i^B{g)f)) = i^aHi - CAf)K[9 - iJ-B{g)f) 

< (1 -//(cA))Var^(5(), 

so that 

fi{fiA{gf) < 2//A(ci)^(4 Var^5(5()) + 2(1 - //(c^)) Var^(5(). 
An analogous calculation for (^5(5)^) allows to conclude the proof. □ 
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